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Accurate Determination of the Complex Permittivity
of Materials With Transmission Reflection

Measurements in Partially Filled
Rectangular Waveguides
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Abstract—An enhanced transmission reflection technique for
the precise determination of the complex permittivity of dielectric
materials partially filling the cross section of a rectangular wave-
guide is described. Dielectric properties are determined by an it-
erative procedure from two-port -parameter measurements and
a numerically generated propagation constant obtained from the
analysis of a partially filled waveguide. Convergence of the solu-
tion is ensured from perturbational approximations. Unlike pre-
vious approaches, uncertainty investigation is performed, taking
into account all the parameters involved in the dielectric charac-
terization. Permittivity accuracy values are presented and, hence,
an optimum measurement setup can be established. Measurements
of reference materials have been carried out to validate the method.

Index Terms—Accuracy study, dielectric properties, microwave
measurements, rectangular waveguides.

I. INTRODUCTION

THE precise permittivity determination of dielectric mate-
rials has been a very important task for ever-increasing

microwave and millimeter-wave applications. Today, particu-
larly with the extension of printed antennas, the electrical per-
formance of a printed circuit board (PCB), for example, can be
significantly affected by the dielectric properties of the substrate
material [1]. Likewise, for the textile, polymer, and ceramic in-
dustries, the accurate knowledge of dielectric properties along
with other parameters, such as moisture content, is essential for
quality control and drying processes [2].

Several techniques for accomplishing these measurements
have been described in the literature [3]. Transmission-line
techniques based on one-port measurements [4]–[6] or two-port
measurements [7]–[10] have been extensively used over the
last 50 years. The Nicolson–Ross [7] and Weir (NRW) [8]
procedures are the basis of these transmission/reflection (TR)
techniques. In this method, the dielectric and magnetic prop-
erties of materials can be explicitly determined by measuring
the scattering parameters of a coaxial or a waveguide cell
loaded with a sample of dielectric, which completely fills the
inner cross section. These formulas are, however, unstable at
frequencies corresponding to sample lengths multiples of one
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half-wavelength for low-loss materials. An iterative procedure
applicable to permittivity measurements is proposed in [9] to
solve these instabilities. An analysis of the error sources of
the measurements is also derived in [9], allowing to determine
the effect of the sample configuration in the accuracy of the
dielectric characterization. After a detailed analysis of NRW
equations, an intermediate step is added in this procedure in
[10], obtaining a noniterative method for dielectric materials.
In all these waveguide TR techniques, only the fundamental
mode propagation in the waveguide is supposed. The sample
requirement of completely filling the guide’s cross section is
extremely difficult to be implemented for certain cases and, in
practice, air gaps between the dielectric sample and conducting
boundaries may exist [11], leading to the excitation of higher
order modes. Thus, the validity bandwidth and permittivity
range of the response may be shortened under this supposition.

Alternative techniques to these approaches reduce the width
of the sample so that the guide is only partially filled, avoiding,
in most cases, the air gaps effect. For instance, a dielectric ma-
terial partially filling a slotted short-ended waveguide in the

-plane is used in [12] and [13]. The waveguide slab (WS)
method reported in [14] involves inserting a dielectric substrate
sample in a longitudinal slot in the center of the broad wall of
a rectangular waveguide. Permittivity values are obtained from
scattering measurements using approximations of the character-
istic equations of the structure. The mode-matching method is
used in [15] to analyze this discontinuity and extract the dielec-
tric properties. In these methods, there is some ambiguity in the
equations and a correct initial guess for the permittivity must be
also provided.

Otherwise, in all these descriptions of partially filled wave-
guide techniques, systematic uncertainty studies have not been
reported and, thus, the effect of the different sources of error in
the accuracy of dielectric determination is unknown.

Hence, in this paper, we describe an iterative method for
inferring the complex permittivity from a propagation constant
extracted from experimental -parameters, measured with
a vectorial network analyzer (VNWA), and a numerically
generated propagation constant in a partially filled waveguide.
The inherent ambiguity in the transcendent equations is avoided
with the aid of perturbational approximations so convergence of
the correct solution is ensured. Unlike in previous approaches,
an uncertainty analysis of the dielectric characterization is
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(a)

(b)

Fig. 1. Schematic of the partially filled structure. (a) Longitudinally
loaded dielectric sample in the rectangular waveguide. (b) Geometry for the
S-parameter measurement setup with material zone (II) and empty zones
(I; III). Ports PP denote calibration planes and SS denote sample planes.

performed. Permittivity accuracy values are presented and,
thus, optimum measurement setup can be established. By
using this technique, a precise characterization of the complex
permittivity is possible, thus overcoming some limitations of
previous methods. In order to validate this procedure, some
measurements of reference materials have been carried out and
results have been compared to the literature.

II. ANALYTICAL APPROACH

A. Partially Filled Waveguides

Partially filled rectangular waveguides under analysis contain
a dielectric material of relative permittivity , with
interfaces parallel to the -field, as illustrated in Fig. 1.

This type of structures has been analyzed in the literature
for several purposes [16]–[20]. In these waveguides, standard
modes or cannot satisfy the boundary conditions of
the structure, therefore, some other mode configurations may
exist. These modes, transversals to the -direction and referred
as hybrid modes, are known as longitudinal section electric
( ) modes, characterized by , and longitudinal
section magnetic ( ) modes, characterized by ,
and they can be obtained as combinations of the standard
modes [21], [22]. The analysis of the problem is solved in this
application with the aid of auxiliary vector potentials. For each
region (see Fig. 1), the fields are derived from
auxiliary vector potentials and [22].

For LSE modes, electric and magnetic boundary conditions
at the air–dielectric interfaces and some algebraic and trigono-
metric manipulations yield the characteristic equations of these
modes as follows:

(1)

The propagation constant in the
waveguide relates the wavenumbers of each zone with the di-
electric values of the material and, for nonmagnetic materials,
it is given by

(2)

where is the relative complex permittivity of the dielectric
region ( ).

In a similar manner, for LSM modes, with some manipula-
tions after applying the boundary conditions, the characteristic
equations are derived similarly as follows:

(3)

Equations (1) and (3) are multivalued transcendent equations of
complex variable that determine the eigenvalues and . Each
pair ( ) with value results in a different mode configuration
in the waveguide. In (1) and (3), the first equations give odd
modes and the second equations give even modes [21]. Total
electric and magnetic fields in region can be
written as

(4)

(5)

where , , , and represent LSE and
LSM modal contribution to the total field, and they are derived
from and , respectively. Modal index is related
with the pair ( ) by ordering the modes according to the cutoff
frequencies determined as

(6)

where denotes the light speed in vacuum. The first propa-
gated mode or dominant mode is ( , ), with
characteristic impedance of guide

(7)

being , the pulsation and , the vacuum permeability.
The discontinuity of the partially filled configuration of

Fig. 1(a) directly excites LSE modes when the fundamental
mode is incident because of the symmetries of the structure
[18]. Therefore, the analysis can be reduced using the field
expansion of only LSE modes. Frequency bandwidth is limited
by the appearance of the first higher order mode . In [21],
this bandwidth is analyzed in function of the slab thickness. It
is shown that, for relative width , the bandwidth
in these waveguides is significantly increased. Furthermore,
depending upon the permittivity of the material, there is a
margin of relative width of the material where the bandwidth
presents maximum values that can even double the bandwidth
in complete filled waveguides. Therefore, the assumption of
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only monomode propagation around these values can be con-
sidered and the localized effect of high-order modes neglected.

B. Perturbational Approximation

Equations (1)–(3) determine the relationship between dielec-
tric parameters of the material and normalized eigenvalues in the
waveguide. It is impossible to find an explicit relation between
them because of their transcendent nature. However, perturba-
tional techniques can provide approximate results under certain
conditions of material thickness and dielectric properties.

Considering a waveguide of cross section filled with air ( )
or dielectric ( ) and introducing a different dielectric sample of
section ( when air filled and when dielectric filled), as
shown in Fig. 1(a), the change of the propagation constant of the
waveguide caused by the introduction of this different material
can be calculated as [23]

(8)

where subscript “ ” signifies nonperturbed, while the rest corre-
sponds to a perturbed waveguide. If the disturbance is assumed
to have a small localized effect, with and electromag-
netic fields , outside the perturbing region, this
expression can be broken up into algebraic equations where the
dielectric constant and loss factor are related directly with the
change in the phase constant ( ) and attenuation factor ( ), re-
spectively. For the fundamental mode in the waveguide ( ),
the perturbational formula is

(9)

with

air filled waveguide
dielectric filled waveguide

where is the cutoff wavenumber. Parameter indicates if
the disturbance is due to the introduction of a dielectric slab ( )
in an empty waveguide, called empty perturbational theory or
due to an air slab ( ) in a completely filled waveguide, called
full perturbational theory. In particular, for a sample inserted in
the waveguide assuming only fundamental mode propagation,
phase constant ( ) theoretically calculated from (1) and (2) and
the perturbational approximations calculated from (9) are shown
in Fig. 2 as a function of the relative width ( ) and dielectric
constant.

It is shown that, for thin sheets (low ), there is a good
agreement between theoretical values and those given by the
empty perturbational approximation (left-hand side). For large

relations, on the other hand, the agreement in the curves cor-
responds to the full perturbational approximation (right-hand
side). It is interesting to see that, for some dielectric values (i.e.,

Fig. 2. Phase constant of the LSE mode obtained with the theoretical
approach and perturbational approximations. Theoretical values are deonoted
by the continuous line. Empty perturbational values are denoted by the dashed
line and full perturbational theory is denoted by points. Sample height is b and
loss factor is " = 0:1.

), the combination of both approximations (right- and
left-hand side) and the real value are practically equal.

III. DESCRIPTION OF THE METHOD

The measurement procedure consists of placing a rectangular
fragment of dielectric material inside the waveguide along
the broad wall, as depicted in Fig. 1, and then measuring the

-parameters matrix of the structure with a VNWA. Calibration
planes are and . If the measured planes do not coincide
with the sample plane, the response is shifted to planes and

.
The complex propagation constant of a partially filled

waveguide of length is extracted from the -parameters,
using the same formulation employed for those well-known
completely filled waveguide techniques [8]–[10], assuming
only fundamental-mode propagation. These equation are as
follows:

(10)

(11)

(12)

(13)

(14)

where and represent measured -parameters versus fre-
quency, is the reference impedance, and and are the
impedance and propagation constant of the fundamental mode
in the partially filled waveguide, respectively.

In order to finally determine the dielectric properties ( ), the
aim is to solve numerically (1) and (2), which relates measured
propagation constant ( ) and complex permittivity. For this
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Fig. 3. First two solutions of the phase constant in a partially filled waveguide
obtained with the theoretical approach and perturbational (empty and full)
approximations. Theoretical values are denoted by the continuous line and
perturbational values are denoted by points. The sample height is b.

purpose, from (1) and (2), an error function , defined as (15),
is minimized as follows:

(15)
The minimization algorithm employed is based on a
Newton–Raphson iterative routine that finds a bracketed
root [24]. The algorithm uses in each step the relative complex
permittivity as two variables, and the procedure is repeated
until required convergence is obtained.

Since (15) presents multiple roots and we want to ensure a
rapid convergence to the true solution, which is determined by
the desired mode, this function is solved using an initial estima-
tion and brackets selected from perturbational approximations
and the strategy described in Section III-A. Once the dielec-
tric properties have been determined for each frequency, these
values are further used as the starting point for the following
frequency.

Finally, the dielectric properties obtained with this technique
are used to check (6) and to examine whether the obtained
values can excite high order modes, which may invalidate the
monomode assumption.

A. Convergence of Propagation Constant

Fig. 3 shows the first two solutions of phase constant in (1)
corresponding to and modes, respectively, of a
material of in function of the slab thickness. For in-
stance, for , if the initial guess and brackets of the
iteration procedure are not carefully selected, the solution pro-
vided by the minimization algorithm may not converge to the
true solution.

However, if we represent the dielectric-filled waveguide solu-
tion ( ) and perturbational approximations (empty and full)
of the first mode, the phase constant of the desired mode is
now constrained by these values (shadowed area). Therefore,

Fig. 4. Comparison of first two solutions of dielectric constant in a partially
filled waveguide obtained with the theoretical approach (continuous line) and
with perturbational approximations (points).

using these brackets in the numerical algorithm to solve (1),
convergence to the true solution is ensured. Point A in Fig. 3
denotes the crossing of full and empty perturbation approxima-
tions. Thus, for relations higher than point A, the inferior
limit is fixed to the full perturbational response and initial guess
to some midpoint into the shadowed area. For relations
lower than point A, the desired mode is delimited by the air-
and dielectric-filled first mode ( ). An initial guess is given
by the empty perturbational approximation. The same type of
analysis was carried out with the attenuation factor (real part)
in order to establish the limits of the minimization procedure.
This strategy has shown its effectiveness until dielectric values
around 95.

B. Convergence of Dielectric Properties

In a similar manner, Fig. 4 shows the first two solutions of
dielectric constant calculated from (15) of a waveguide of phase
constant in function of the slab thickness. As above, if
brackets are not properly selected, the solution provided by the
iterative algorithm may not converge to the true solution.

As can be seen, perturbational approximations again delimit
the desired solution into the shadowed area. Thus, following a
similar procedure such as that in Fig. 3, for values lower
than point A (crossing point between empty and full perturba-
tional approximations), the upper limit in the iteration proce-
dure is fixed to the full perturbational approximation given by
(9) and the lower extremum given by the dielectric-filled wave-
guide solution. For relations lower than point A, brackets
are dielectric and air-filled waveguide solutions. The same type
of analysis can be applied to the imaginary part of the permit-
tivity (loss factor).

IV. ACCURACY OF THE METHOD

The accuracy in the permittivity determination depends upon
the influence of the different sources of error on the measure-
ments. These sources of error include material homogeneity,
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TABLE I
ERROR PARAMETERS (A; B) OF (17) IN FUNCTION OF THE SOURCE

OF ERROR j� j

unascertained sample and waveguide dimensions, waveguide
losses, high-order modes excitation, and the systematic uncer-
tainty of the instrumentation used to perform the -parameter
measurements. Waveguide losses and length can be determined
and the effect subtracted from the sample measurements. The
nonexistence of high-order modes is checked out using (6),
leaving the core of the error to the sample position, unascer-
tained sample dimensions, and mainly to the precision of the
network analyzer. This measurement uncertainty analysis can
be accomplished using the partial derivative technique of (1),
(2), and (13), following the same procedures as some previ-
ously reported TR techniques [9], [10]. The solved equation is
reproduced in (16), shown at the bottom of this page.

In (16), we can see that the uncertainty is separately eval-
uated, where represents the uncertainty of the
modulus and , represents the uncertainty of the
phase of the - and -parameters, respectively, which di-
rectly depend on the VNWA and calibration procedure speci-
fications [25]. is the uncertainty in the sample length. Op-
erating with the derivatives in (16), the following formulas are
obtained:

(17)

where

(18)

and the parameters and depend upon the source of error
( ), as illustrated in Table I.

For the unascertained sample length, the equation is

(19)

In Figs. 5 and 6, this total uncertainty is represented for the
material’s dielectric constant and loss factor, respectively, as a

Fig. 5. Relative total uncertainty of dielectric constant (" ) as a function of
normalized length (L=� ) for several values of permittivity.

Fig. 6. Relative total uncertainty of loss factor (" ) as a function of normalized
length (L=� ) for several values of permittivity.

function of the normalized sample length ( ) for various
values of permittivity at a relative width. The plotted
error has made use of the precision of the VNWA, with full
two-port calibration procedure specifications [25].

The results show that the uncertainties continue to decrease as
a function of increasing length. Based on the results from these
figures, a longer sample is preferred to improve the accuracy.
We can also see in Fig. 6 that the total relative error for low-loss
materials is very large, which confirms the low performance of
TR measurements for this kind of materials. For this case, alter-
native techniques, such as resonant methods, are recommended.

(16)
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Fig. 7. Comparison of relative total uncertainty of dielectric constant obtained
with TR measurements in complete-filled waveguides [10] with that determined
using the procedure in partially filled structures as a function of normalized
length for several values of slab thickness.

Fig. 8. Comparison of relative total uncertainty of loss factor obtained with TR
measurements in complete-filled waveguides [10] with that determined using
the procedure in partially filled structures, as a function of normalized length
for several slab thicknesses.

Figs. 7 and 8 show the effect of reducing the width of the ma-
terial inserted in the waveguide on the accuracy. In these sim-
ulations, we have chosen the same reference materials used by
Baker-Jarvis et al. in [9] and Bougriet et al. in [10] to compare
accuracy in partially filled structures with those calculated with
completely filled waveguides. For this purpose, the error cal-
culated in (16) has been reproduced considering a waveguide
cell instead of a coaxial line, as reported in [10], and the results
are also plotted in Figs. 7 and 8. Sample length is normalized
here with the dielectric-filled wavelength to better compare the
curves.

In accordance to other TR methods, the total uncertainty usu-
ally tends to decrease as a function of the increasing sample

Fig. 9. Relative total uncertainty of dielectric constant (" ) as a function of
relative width of the material in the waveguide for several values of sample
length.

Fig. 10. Relative total uncertainty of loss factor (" ) as a function of relative
width of the material in the waveguide for several values of sample length.

length and then it begins to increase again. This is mainly at-
tributable to large values of for low transmitted sig-
nals in longer samples. When reducing the width of the mate-
rial, we can observe in both figures that this error is delayed to
higher frequencies from the complete waveguide case, and this
delay is much higher with narrower samples. This effect may
be associated to the reduction of the total material volume in
the waveguide for the same sample length, which increments
the transmitted signal ( ) avoiding values of being as
large as in complete-filled waveguides. This reduction presents,
however, a limit with excessively narrow samples, where the
error increments again (i.e., ) due to large values
of . This improvement in the accuracy is better shown in
Figs. 9 and 10, where the relative uncertainty in the measure-
ments is represented as a function of the relative width of the
material in the waveguide for a given value of sample length.
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Fig. 11. Relative total uncertainty of dielectric constant (" ) as a function of
normalized length for several values of unascertained sample dimensions.

As depicted, the uncertainty in the samples that completely
fill the waveguide ( ) is continuously reduced with the
use of narrower samples ( ), except for excessive narrow
samples, where again, this value is increased. Furthermore, for
all sample length plotted in this figure, there is a width ( )
for which the error presents a minimum (around ).
For the loss factor in the material, as illustrated in Fig. 10, the
uncertainty error can be improved from 10% to 1.5%, which
is quite significant. As previously mentioned, these reductions
are only appreciated for high or moderate losses; meanwhile for
low-loss materials, no minimum peaks are observed.

The effect of another important source of error, the unascer-
tained sample dimensions, which, in turn, yields to uncertainties
in the location of the reference planes of the scattering parame-
ters, is plotted in Fig. 11.

From this figure, it is clearly observed that small uncertainties
in the sample dimensions and, particularly in the positioning of
the sample in the waveguide, can introduce important errors in
the dielectric characterization.

V. MEASUREMENTS AND RESULTS

The approach described above was used to measure the com-
plex permittivity of PVC and a dielectric substrate, typically
used for printed antenna design. Dielectric properties of these
materials are well documented and can be used to validate the
behavior of the method. The HP-8720B Network Analyzer
was used to measure the scattering matrix over the frequency
in a WR-340 waveguide holder. Suitable sample lengths were
chosen from preliminary measurements. Results are given in
Figs. 12 and 13.

Fig. 12 shows the complex permittivity of PVC in function
of the frequency obtained using a 20-mm-thick sample of mate-
rial placed at the center of the waveguide. From this figure, we
can see the good agreement of the complex permittivity of PVC
obtained using this method, with the value used as in [26]. The
accuracy of the dielectric determination was lower than 0.25%
and 6% for real and imaginary parts, respectively.

Fig. 12. Complex permittivity of a PVC sample as a function of frequency
obtained using the procedure in partially filled waveguides. Reference value
from [26].

Fig. 13. Complex permittivity of an unclad dielectric substrate of moderate
losses as a function of frequency obtained using the procedure in partially filled
waveguides. Reference value from [27].

Fig. 13 shows the complex permittivity of a 1.5-mm-thick
dielectric substrate (GML-MC5), measured in the rectangular
waveguide, between 2–3 GHz. To place the substrate in the
waveguide, a longitudinal centered nonradiating slot was drilled
in the upper and lower sides of the waveguide. Also, additional
metal shields around the edges of the sample in the slot can be
used to suppress undesirable radiation. An appropriate sample
length was also chosen from preliminary measurements. The
calculated values present good agreement with the complex per-
mittivity value provided by the manufacturer, and this is also
plotted in Fig. 13 as a reference value [27]. The accuracy of
the dielectric determination, for an uncertainty of 0.1 mm in the
sample length, results in errors lower than 1% in the dielectric
constant. However, for this relative width, the loss factor error
reaches up to 50%. Both values are in concordance with those
previously presented in the accuracy study for very thin sam-
ples.

VI. CONCLUSIONS

An enhanced technique based on TR measurements for the
determination of the complex permittivity of materials partially
filling the cross section of a rectangular waveguide has been de-
scribed. The method is based on the analysis of partially filled



CATALÁ-CIVERA et al.: DETERMINATION OF COMPLEX PERMITTIVITY OF MATERIALS WITH TRANSMISSION REFLECTION MEASUREMENTS 23

rectangular waveguides, which leads to transcendent equations
that are numerically solved by providing a bracketed initial es-
timation from perturbational approximations, thus ensuring the
convergence of the solution. Uncertainty analysis has been per-
formed and measurement setup can be optimized in order to
improve the accuracy of results. The study allows us to con-
clude that the permittivity accuracy obtained by using partially
filled waveguides is higher than that obtained in completely
filled structures, besides overcoming the air-gaps problem. Un-
certainty is particularly decreased with relative sample widths
around 0.1. It is also followed from the investigation that spe-
cial care must be taken with very thin materials since uncertainty
reaches very high values.
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